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We c o n s i d e r  s t r e s s  w a v e s  in a v i s c o e l a s t i c  m e d i u m  with a s i n g u l a r  h e r e d i t a r y  k e r n e l .  It i s  shown 
tha t  in such a m e d i u m ,  in c o n t r a s t  to the  m o d e l s  of Maxwel l  and of  a s t a n d a r d  l i n e a r  body,  t h e r e  i s  a p r o p -  
aga t ion  of  w a v e s  on which the  s t r e s s e s  v a r y  c o n t i n u o u s l y  d u r i n g  the t r a n s i t i o n  th rough  the wave  f ron t .  

P r o b l e m s  on the p r o p a g a t i o n  of  s t r e s s  w a v e s  in s e m i i n f i n i t e  v i s c o e l a s t i c  b a r s  w e r e  c o n s i d e r e d  in 
[1-5j ,  in which ,  us ing  L a p l a c e  and F o u r i e r  i n t e g r a l  t r a n s f o r m a t i o n s ,  so lu t i ons  w e r e  ob t a ined  for  the m o d e l s  
of Maxwel l  [4], Voigt ,  and a s t a n d a r d  l i n e a r  body [5]. I t o w e v e r ,  u se  of  i n t e g r a l  t r a n s f o r m a t i o n s  c a u s e s  
de f in i t e  c o m p u t a t i o n a l  d i f f i c u l t i e s ,  c o n n e c t e d  with the t r a n s i t i o n  f rom the t r a n s f o r r n  to the i n v e r s e  t r a n s -  
fo rm;  to e l i m i n a t e  t h e s e  d i f f i c u l t i e s ,  a p p r o x i m a t e  m e t h o d s  a r e  f r e q u e n t l y  used:  a s ) ~ p t o t i c  f o r m u l a s  [6], 
e x p a n s i o n s  n e a r  the wave  f ron t  [3], and a l so  v a r i o u s  a p p r o x i m a t i o n s  [7, 8]. 

Be low we i n v e s t i g a t e  s t r e s s  w a v e s  in a v i s c o e l a s t i c  b a r ,  the  h e r e d i t a r y  p r o p e r t i e s  of which  a r e  d e s -  
e r i b e d  by Bol tzm ~ ' m n - V o l t e r r a  r e l a t i o n s  with a s i n g u l a r  h e r e d i t a r y  k e r n e l  [9]. 

The  s t r e s s  or(x, t) in a v i s c o e l a s t i c  s e m i i n f i n i t e  b a r  with load or(0, t) g iven  at  the  end h a s  the form 
[10] 

~(:c,t)= 2-- 'f~- 2 ( O , p )  exp{ - -pxc~? , (p ) - I -p t }dp  

~(0 .  p)= ~i'z(O,t) e x p ( - - p t ) d t ,  ;,.(p).-: [t +- v,,K(p)] G 
o 

v ~ = AJJ~ l, AJ -- J,I - -  J~,  e-~ 2 := pJ ~ 

w h e r e  J0 and J ~  a r e .  r e s p e c t i v e l y ,  the  n o n r e l a x a t i o n  and r e l a x a t i o n  v a l u e s  of the  c o m p l i a n c e ,  K~p) i s  the  
L a p l a c e  t r a n s f o r m  of  the  a f t e r e f f e c t  k e r n e l ,  and P i s  the  d e n s i t y  of  the m e d i u m .  

We a s s u m e  tha t  the  b o u n d a r y  s t r e s s  or(0, t) i s  g iven  by the I I e a v i s i d e  unit  funct ion  II(t): 

~,1) 

a (O, t) = ~olt (t), Z (0, p) = oop -I 

The  p r o b l e m  of the  p r o p a g a t i o n  of a pu l sed  load in such a m e d i u m  was  c o n s i d e r e d  in [11]. 

Subs t i tu t ing  (3) into (1), we ob t a in  

(3) 

"5" I p-~ ~xp {-- p'~ (p)~c-~ ~ + pt} dp t4) "5 ( x ,  l }  - 2 a i  , 

We c o n s i d e r  a s  the  a f t e r e f f e c t  k e r n e l  the  f r a c t i o n a l - e x p o n e n t  funct ion of Rabotnov  [9] 

H e r e  so_(e ) 

c~ 

E~ (--  t .  t. ~ol - t ~1  y ,  ( -  l)"(t,.,o)~ .~: (5) 
.... o F [ T ( n ~ - I ) ]  ' K ( p )  --  s ~ - l - - p ~  

i s  the f r e q u e n c y  of r e t a r d a t i o n  ( r e l a x a t i o n ) .  and y i s  the  d i v i s i b i l i t y  p a r a m e t e r  (0 < y -~ l ) .  
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Subs t i tu t ing  (5) into (4), t ak ing  accoun t  of  (2), we ob ta in  

a.bi~ 

~{x , t )  ~r~ I p-aex p [.'_p(pX_~ s~)'.,(p'~_l_ ~ - t ' ,  -I = 2.'~i s o )  ' x c ~ . l - p t ] d p  
c~icr (6) 

The i n t e g r a n d  in Eq. t6} for  3" ~ 1 h a s  a f i r s t - o r d e r  pole  at  the  poin t  p= 0 and b r a n c h  p o i n t s  p = 0 and 
p = ~ .  The  po in t s  P1,2 =( - -1) i /3"se ,  ~r a r c  not  s i n g u l a r i t i e s ,  s i nce  they  fa l l  on the  second  shee t  of a R i e m a n n  
s u r f a c e .  The  c o n v e r s e  t h e o r e m  i s  a p p l i c a b l e  to m u l t i v a l u e d  func t ions  only  for  the f i r s t  shee t  of  a R i e m a n n  
~ r f a c e  ( l a rg  p]<n) ,  and t h e r e f o r e  the i n t e g r a t i o n  in Eq. (6) should be c a r r i e d  out  o v e r  the  con tour  shown in 
F i g .  1, fo r  R - - ~ ,  r--" 0. Tak ing  into accoun t  that  the  i n t e g r a l  {6) i s  nonz e ro  fo r  the cond i t ion  

(the condi t ion  of p a s s a g e  of  the wave  th rough  the po in t  x) ,  the e x p r e s s i o n  for  (r{x, t) i s  w r i t t e n  in the fo rm 

co 

3(x, t ) - ' :o  I-i T - "-'~" f (x, t, s) ds t l  t - -  "-~ 
o 

/~1 /'/2" COS W , - - ~  - - s t } s i n  -1 t ,  _t, ,  [ . . . .  Rs R 2 sill ~ - ~ 2 ]  2 

Ra ~ se -I- 2 (,~.~t) "r ex>.~ {a'~} -!- ~2~, ~2~ = s~ -':- 2 {s-.~)': co~ (nz) + s 2v 

sin ~V sl n .-ty \ 
tg~,=s_V.,/Cq, co~x. ~, tg~:]-- s -u  ) 

t8) 

Note that  fo r  3' = 1 (the m o d e l  of  a s t a n d a r d  l i n e a r  body) the  e x p r e s s i o n  for  the  s t r e s s  w a s  i n v e s t i g a t e d  
in [5]. 

In add i t ion  to the  e x a c t  so lu t ion  (8) t h e r e  i s  i n t e r e s t  in the  expans ion  of ~ tx ,  t) n e a r  the  wave  f ront  in 
a s e r i e s  in p o w e r s  of ( t -  to )3'. T h i s  s e r i e s  i s  ob ta ined  b a s e d  on the  " d i r e c t "  m e t h o d  d i s c u s s e d  in [7, 8] 

o {x, t) ~-. aoexp{--1/2V (s/~ -- s~) to (t -- t0) r-'} (u t9) 

o (x, t) .~ oo'[i + a2to {t --  to) q-(I/2a22to- as) to (t -- to) 2] exp {--a,to} (x=l} 

to = x c ~ - ' ,  a ,  = 1/2 (s~ - s~),  as =:'./~ (s ,  - -  so) (s t § 3s : )  { 1 0 )  

as = V,6 (st - s a) ([s~ + s~]= _,. 4 s 2 )  

The p r i n c i p a l  d i f f e r e n c e  be tween  e x p r e s s i o n s  {7) and (8) c o n s i s t s  in  the  fac t  tha t  for  f r a c t i o n a l  3' the 
s t r e s s  i s  con t inuous  n e a r  the wave  f ron t ,  un l ike  the m o d e l  of a s t a n d a r d  l i n e a r  body,  in which  the s t r e s s e s  
unde rgo  a d i s c o n t i n u i t y .  

F i g u r e  2 g i v e s  r e s u l t s  of  the  c a l c u l a t i o n  of the s t r e s s  or(x, t) u s ing  the i n t e g r a l  (8) ( so l id  lines} and 
e x p r e s s i o n s  t 9) and (10) (dashed  l ines)  with t o = 2 for  s e / s ( r =  1.5. The  v a l u e s  of  the  p a r a m e t e r  3' a r e  i n -  
d i c a t e d  by the n u m b e r s  on the c u r v e s .  
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The calculations were made using a Mir-1 computer .  

For  fractional T a wave propagates  in the bar,  the value of the s t r e ss  being zero on the front and 
varying continuously in the t ransi t ion through the wave front. 
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